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^ Abstract 



We study relation of the Ricci Flow on 3-dimensional Lie groups and 4- 
dimensional Ricci-flat manifolds. In particular, we construct Ricci-flat coho- 
^ I mogeneity one metrics for 3 dimensional Lie groups. 

in 
m 

O 1 Introduction 

^ ! In this paper, we will discuss some relationship between the Ricci flow of left- 

Q\ I invariant Riemannian metrics on 3-dimensional unimodular simply- connected 

^ ' Lie group G and the Ricci-flat metrics of cohomogeneity one on the space- 

time Rx G. 

^ . First of all, we introduce the notion of cohomogeneity one metrics with 

^ ! respect to a Lie group G. 

Definition 1.1. A pseudo- Riemannian manifold {M,g) is a cohomogeneity 
one with respect to a Lie group G, if and only if G is a subgroup of Isom(M, ^f), 
and the codimension of principal orbits under the action of G equals 1. 

The simplest example of a cohomogeneity one metric arises from the 
standard action of SO{n) to M". The singular orbit is {0}, and the principal 
orbits are S*"^^ of various radii. 
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In this paper, we attempt to construct cohomogeneity one Einstein met- 
rics (in particular Ricci-flat metrics) from the Ricci flow solutions of left- 
invariant metrics on 3-dimensional unimodular simply connected Lie groups. 
The Ricci-fiat metrics obtained in this paper has the property that their sec- 
tional curvatures decay to at one end toward which the metric is complete. 
Such metrics was studied by Lorentz, Gibbons, Hawking, Pope and many 
people. Some of them is called ALF and the Taub-NUT metric on R x SU{2) 
arising from the Ricci flow of the left SU{2)- and right f/(l)-invariant metrics 
on SU{2) is ALF. 

Before proceeding to general 3-dimensional Lie groups, we examine the 
case of SU{2), which is well known. There exists a left-invariant coframe 
{9^}f^i on SU{2) satisfying dO'^ = 29^ A 9'', where k) are cyclic permuta- 
tion of {1,2,3}. Then cohomogeneity one metrics with respect to SU{2) is 
described as 

g = dt^ + a{tf{9^f + h{tf{9^f + c{tf{9''f. (LI) 
Some special cases of f ll.ip are listed in the following examples: 

1. If a = 6 = c are linear, then the metric g has constant curvature 0. 

2. If a, h and c are constants, then the metric g becomes a product metric 
on M X SU{2). 

3. \{ a = h = c = sint, then the metric g has positive constant curvature. 

4. If a = 6 = c = sinh t, then the metric g has negative constant curvature. 

Thus, it is interesting to ask for which {a(t), 6(t), c(t)} the resulting coho- 
mogeneity one metric is Einstein. In this paper, when the triple of functions 
{a(t), h{t), c(t)} satisfies the Ricci flow equation, we examine whether the re- 
sulting cohomogeneity one metric is a Ricci-flat metric. This generalizes the 
above example 1. 

First of all, we deflne the Ricci flow again. In this paper, we deflne that 
a 1-parameter family g{t) of Riemannian metrics is the Ricci flow if and only 
if it solves 

d 

Ql9it)ij = -Ric[g{t)]ij, 

and a 1-parameter family of Riemannian metrics g{t) is the backward Ricci 
flow if and only if it solves 

d 

■7-g{t)ij = Ric[g{t)]ij. 
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In the Introduction, the Ricci flow was defined by 



d 

g^9{t)ij = -2Ric[g]ij. 



The difference in 1 and 2 is just a choice of the scale and produces no trouble. 



Indeed, if we put h := ^g, where k is a positive constant, then 



= (o)(-2RicMi,) = ~kRic[h]ij, 



because Ric[/i] = Ric[|5'] = Ric[5f]. In this paper, if k equals 1, we say that 
h{t) is a solution to the Ricci flow. Also the backward Ricci flow (in this 
paper) is defined similarly. Note that if we change t into —t, the Ricci flow 
equation changes into the backward Ricci flow equation. 

Next, we review the Ricci flow on SU{2). Let {Fj}?^^ be an orthonor- 
mal frame of a left-invariant metric gs on SU{2), satisfying [Fi,Fj] = —2Fk 
{i,j,k : cyclic), and {6^} the dual coframe of The left-invariant 

metric g^ is expressed as 

g.^ = A{ey + B{ey + cie'^y. 

Then the Ricci flow is equivalent to the system of ODE's: 

dt 

±B=^"^~"^ , (1.2) 

dt ^ ) 

dt 

The behavior of solutions of (O]) is known in |KM01l[CK04] . 

Proposition 1.2 ( jKM01llCK04j ). The solution of the Ricci flow equation 
exists on (— oo,T), where T depends on the initial data, and if t goes to T, 
then gs becomes asymptotically round and shrinks to a point. 

Next we consider a cohomogeneity one metric with respect to SU{2), 
given by 

g = dt^ + a{tf{e^f + h{tf{e^f + c{tf{e''f. (1.3) 





-Cf- 


A^ 




BC 




(C 


-Af- 
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-Bf- 




AB 



3 



A typical example of cohomogeneity one metric with respect to SU{2) is the 
Taub-NUT metric, given by 

\r — m/ \r + m/ 

As is well known, this metric has the following properties. First, this metric 
is a hyper-Kahler metric, and therefore this is a Ricci-fiat metric. Secondly, 
we can put 

a = = [r — mp c = 2m 



a2- 


(b- 


of 




bc 






(c- 


af 




ca 






(a — 


bf 



and therefore the coefficient a equals 6, but a is not equal to c (i.e., the metric 
on SU{2) part is left SU{2)- and right f/(l)-invariant). Thirdly, the change 

of variables h = ^^Jr^ j ^ and dt = hdr implies that this metric is regarded 

as a cohomogeneity one metric. Fourthly, it is easy to check that a, b and c 
satisfy 

d 

—a 
dt 

dt 
d 

— c , 
dt ab 

This system is equivalent to the backward Ricci flow equation for left-invariant 
metrics on SU{2). Thus we conclude that if coefficients {a(t), b{t), c{t)} move 
along the Ricci flow or the backward Ricci flow on SU{2), then the result- 
ing cohomogeneity one metric (II. 3p is the Taub-NUT metric and therefore 
Ricci-flat. 

Theorem 1.3 ( |Fri85i[CGLP04j ) . If a, b andc satisfy the Ricci flow equations 
or the backward Ricci flow equations of a metric 

g, = a{d'f + b{dy + c{d^f (1.4) 

on SU{2), then the cohomogeneity one metric 

g = dt^ + a{tf{e^f + b{tf{ey + c{tf{ey (1.5) 

with respect to SU{2) on the space-time of the Ricci flow becomes a Ricci-flat 
metric. 
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It is important to pay attention to coefficients. Coefficients of metric fll.4p 
are a, b and c. But, coefficients of metric f ll.Sp are a^, 6^ and c^. Therefore, a, 
b and c are positive (because we consider left-invariant Riemannian metrics 
on SU{2)). Even if a, b and c are positive, we liave still freedom in introducing 
minus sign before {a^,6^,c^} in the attempt to discover cohomogeneity one 
metrics on the space-time of the Ricci flow (this freedom is really essential 
in the case of E{1, 1) and SL{2, R)). 

Remark 1.4. Even if a cohomogeneity one metric 

g = dt' + a{t)\e')^ + b{t)\e^f + c{tf{e^f 

with respect to SU{2) is Ricci-flat, it may not satisfy the Ricci flow equation 
nor the backward Ricci flow equation. We consider the Eguchi-Hanson metric 
as a typical example. The Eguchi-Hanson metric is given by 

g = + r^m' + {0^} + r\l - {m/vYW'f. (1.6) 

1 — [m/rp 



Put 



1 

a = b = r, c = r(l — ( — 

r 



By the coordinate transform. 



h = -, dt = hdr, 

2 



1 



' m \4 



the metric (11. 6p is regarded as a cohomogeneity one metric. Also this metric 
(11.60 is a Ricci-flat metric, but coefficients a, b and c satisfy the following 
system of ODE's: 

d 

dt 
d 





ib- 


cf 




bc 




62- 


(c- 






ca 




c2- 


(a — 


6)2 



dt ab 

These equations are neither the Ricci flow nor the backward Ricci flow. 

We now study cohomogeneity one metrics constructed from the Ricci flow 
solution on other groups, and construct Ricci-flat metrics on their space-time. 
Ricci-flat metrics that we construct in this paper are listed in Table 1. 
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Lie groups 


the Ricci flow equation 


signature of metric 


SU{2) 


SU{2) 


(4,0) 


m 


m 


(4,0) 


SL{2,R) 


SU{2) 


(2,2) 






(4,0) 


E(l,l) 


E{1,1) 


(2,2) 



Table 1: Ricci-flat metrics of cohomogeneity one corresponding to 3- 
dimensional Lie groups 

2 Preparation 

We present the definition of a Milnor frame. 

Definition 2.1. Let {Fi}^^^ be a left-invariant moving frame on G. If 
satisfies 

where rij G {±1,0}, then {Fj}?^]^ is called a Milnor frame . 

As is well known, 3-dimensional unimodular simply-connected Lie groups 
were classified by Milnor |Mil76] . 

Proposition 2.2 ( |Mil76] ) . Let {Fj} be a Milnor frame. For signatures of 
{ui}, 3-dimensional unimodular simply- connected Lie groups are determined 
as Table 2. 



Signature 


Lie groups 


description 


(-1,-1,-1), (+1,+1,+1) 


SU{2) 


simple 


(-1,-1,+1), (-1,+1,+1) 


SL(2,M) 


simple 


(-1,-1,0), (+1,+1,0) 


F(2) 


solvable 


(-1,0, +1) 


F(l,l) 


solvable 


(-1,0,0), (+1,0,0) 


H3 


nilpotent 


(0,0,0) 


R©R©R 


commutative 



Table 2: 3-dimensional unimodular simply-connected Lie groups 
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Remark 2.3. We may change order of n^. 

Let (M^, g) be a cohomogeneity one 4-dimensional manifold with respect 
to 3-dimensional Lie group G. Let be a Milnor frame of G, and {6i} 

the dual coframe of {Fi}. Then the metric is expressed as follows: 

g = de + a{tf{e^f + h{tf{e^f + c{tf{e^f. (2.1) 

From Theorem 1.1 (Koszul's formula), the Levi-Civita connection is ex- 
pressed as below. 

Proposition 2.4. Let g be the cohomogeneity one metric Then the 

Levi-Civita connection is given by 



( ^Fi \ 

n 1 b ^ c ° 

1 —n\a? +n2h'^ +nz(? jp 1 —nzc^+nio?—n2h'^ jp 

2 ■ c2 -^3 2' 62 -^2 /2 2) 

Hence we obtain the Ricci tensor; 

d b c 



Ric(Fo, Fo) 


= R 


Ric(Fi,Fi) 


= R 


Ric(F2, F2) 


= R 


Ric(F3, F3) 


= R 



00 — 7 , 

aba 



(2.3a) 



(d6c)- (^26^ - ra3c2)2 - n^a^ 

^ - ""^6^ 26V ' ^^-^^^ 

(6ca)- (nac^ - n^a'^y - n^b^ 

= -^—a ' (2.3c) 

(cab)- (nia^ - ^26^)^ - n^c^ 
- 2^^6^ ' (2-^^^ 

and other components are 0. Remark that if a, b and c are constants, then 
the Ricci tensor Ru, R22 and -R33 of the metric (12. ip are the Ricci tensors of 

g = a\e^f + h\e^f + c\e'')\ 



3 The Heisenberg group 

In this section, we consider the Heisenberg group if3 and a cohomogeneity 
one with respect to ifa. Let {F,} be the Milnor frame of H^, satisfying 
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[Fi,F2] = 0, [^2,^3] = Fi and [^3,^1] = 0; and {9,} the dual coframe of 
{Fi}. Then a left-invariant metric is expressed as 

g = a{e^f + b{e^f + c{e^y. (3.1) 

Therefore the Ricci flow equation is given by 

d a"^ 

—a = — , (3.2a) 

dt 2hc ^ ' 

d , a / , X 

dt'-Yc^ ^^-2^) 

^c=4. (3.2c) 
dt 2b ^ ' 

These equations were solved in |KM01] as follows: 

111 1 
a{t) = a^b^c^^t + 6oCo/ao)~3, 

bit) = alblc'^lt + boCo/ao)K (3-3) 

1 _1 2 ^ 

c{t) = a^bQ ^Co'(|t + 6oCo/ao)3, 

where oq = a(0), bo = 6(0) and cq = c(0). In particular, the behavior of this 
solution is the following: 

Lemma 3.1 ( |KM01] ). The metric { \3.1\i satisfying i \3.2^ has three properties. 

1. The solution of the Ricci flow equation exists on (— T, +cxd), where T = 

bpCQ 
3ao 

2. Ift^ —T, then a — )■ +oo, 6 — )■ and c — )■ 0. 

3. If t ^ +00, then a ^ 0, b —> +oo and c — > +oo. 

We use this lemma later to describe the resulting Ricci-fiat metric on the 
space-time. Next we consider a cohomogeneity one metric with respect to 
the Heisenberg group H^. Let {M^,g) be a cohomogeneity one with respect 
to H3. Using the above frame, a cohomogeneity one metric is described as 

g = dt^ + a{tf{e^f + b{tf{e''f + c{tf{e^f. (3.4) 
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Put Fq = ^, then {Fi} becomes an orthogonal frame. The Ricci tensor of 



at 

this metric is given by 



a h c 

RoQ = , 

a c 

„ (abc)' 
R^^ = -a^——- + 



R22 = -b 



be ' 262c2' 

(bca)' 

ca 1(? ' 
,2 



(ca6)' a 
^^^^ = " 2P' 

and other components are 0. Using (13. 3p . we construct a Ricci-flat metric in 
the following way: 

Theorem 3.2 ( |GROO] ). Let a, b and c satisfy the Ricci flow equations on 

d 

~dt^ ~ ~2bc' 
d ^ a 

Jt ~Yc 
d a 

dt^ ~ 2b' 

Then g becomes a Ricci-flat metric. 

Proof. An easy computation shows that 

d^ 

-a 



dt^ b^c^ ' 
d^ 

dt^ ~ 26c2' 
-c 



dt'^'^ 262c' 

and ab, ac and b/c are constants. Using this fact and the equation fl2.3p . we 
obtain the statement. □ 

Sectional curvatures of this metric are 



Koi = K23 = -TTT^, = = Ko3 = K12 



From Proposition fl3.ip . we get the following proposition. 
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Proposition 3.3. Assume that Oo&oCo is positive. Then 

1. the parameter t exists on (— T, oo), where T = — 

3ao 

2. Ift^ -T, then Kij ±oo. 

3. Ift^ +00, then Kij -» 0. 
Assume that oo&oCo is negative. Then 

1. the parameter t exists on {—oo,T'), where T' — — 

Soto 

2. Ift^ -oo, then Kij T . 

3. Ift^ +00, then 0. 

Actually, this phenomenon is related with the hyper-Kahler structure. 
We confirm it from now on. Before we define almost complex structures, we 
put 

e^^dt, e^ = a9\ e^ = b9\ = c9\ 

Then {e*}^^Q becomes an orthonormal coframe. Let {cj} be the orthonormal 
frame defined by e*(ej) = 6j. For i = 1, 2 and 3, we consider almost complex 
structures Jj defined by 

where {i,j,k) are cyclic permutation of {1,2,3}. It is easy to check that 

{Jj} satisfy J3 = — J1J2 = J2Ji- Moreover from direct calculation we have 
Nj^{Fj, Fk) = for all i,j, k = 0, 1, 2, 3 where Nj. is the Nijenhuis tensor of 
the almost complex structure J^. Therefore the almost complex structures 
{Jj} are all integrable. We consider a triple of 2-forms (a;^, cu^, cu^), defined 

by 

uj'(X,Y) ■.^g{JiX,Y) 
for i = 1, 2, 3. Then 2-forms Ui are given by 

= e° A - e^ A e^ 

where k) are cyclic permutation of {1, 2, 3}. The above triple of 2-forms 
{cj^ , U!^ , cj'^) satisfies the following relations 
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Since de° = d{dt) = 0, de^ = ddt A 6^ - aO^ A 6^, de^ = bdt A 6'^ de^ = 
cdt A 6^, we get 

dcu^ = (a - 6c - bc)dt A 9'^ A 9^, 
doo^ = (dc + ac)dt A9^ A9^, 
du^ = {ah + ah)dt A 9^ A 6*^ 

Theorem 3.4. Assume that the cohomogeneity one metric (3.4) has almost 
complex structures Ji. For any i = 1,2, 3, du^ = if and only if a, b and c 
satisfy the Ricci flow equations on the Heisenberg group. 

Proof. We see at once that du^ = if and only if 

a — be — be = 0, (3.9a) 
dc + ac = 0, (3.9b) 
db + ab = 0. (3.9c) 

Equations fl3.9bp and f l3.9cl) imply that ac and ab are constants. Using equa- 
tions fl3.9ap - fl3.9cp . we compute that 

. .ab ■ acs 

"^w-l— ) 

^.bc 
= — 2a — . 
a 



Hence we get 



_a^ 
^~ 2bc' 



Since ab = —ba = a^ j (2c) and at = —cd = a} j {2b), we get 



6=^, (3.11a) 



(3.11b) 



a 

'=2b- 

Therefore a, b and c satisfy the Ricci flow equations on H^. 

Conversely, a, b and c satisfy the Ricci flow equations on H^, then dui = 
0. □ 

Therefore the cohomogeneity one metric with f l3.2p becomes the hyper- 
Kahler metric. 
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4 The group of rigid motions of the Minkowski 
2-space 

In this section, we consider the group of rigid motions of the Minkowski 
2-space. Let {Fi}f^^ be the Milnor frame of E{1,1), satisfying [^1,^2] = 
-F3, [F3,Fi] = 0, [^2,^3] = Fi, and {9i} the dual coframe of {F^}. Then a 
left-invariant metric is expressed as 

g = a{e')^ + b{e^)^ + c{e^y. (4.1) 

Therefore the Ricci flow equation is given by 

d — 
-a 



dt 2bc 

^b- + (4.2) 
dt 2ac ' 

d — 

dt^ ~ 2ab 

Lemma 4.1 ( |KM01] ). The Ricci flow on E{1, 1) has the following proper- 
ties. 

1. The solution of the Ricci flow equation ( |^.^ exists on (— T, +oo), where 
T > is depending only on initial data. 

2. The quantity ac and b{c — a) are conserved. 

3. Put p := a/c, then 

dt 2p ' 

d_ _ l-p^ 
Jt^ ~ 



4- Po < Poo < I or 1 < Poo < Po- 
5. If p ^ 1, then 



ll-pl 



where kn = bn J^^ . 



12 



6. Ift^ +00, then p — ?■ 1 and 6—7-00. 

7. Ift—^ +00, then a and c converge to a^o = Coo = a/ooCq. 

We use this proposition later to describe the asymptotic behavior of the 
resulting Ricci-flat metric on the space-time. 

Remark 4.2. If a = c, then the metric (14. ip becomes a non-gradient expand- 
ing Ricci soliton. See Theorem ??. 

Next, let (M^,5f) be a cohomogeneity one with respect to £'(1,1). Let 
{Fi}^^^ and {6i} be as before. Then a cohomogeneity one metric is expressed 

as 

g = de + a{tf{e^f + h{tf{e^f + c{tf{e''f. (4.3) 

Putting Fq = ^, we have an orthogonal frame {Fi\j^^. The Ricci tensor is 
computed as 



■00 



d b c 
a b c 



(f 

R22 = -b 



•ca)- (a^ + c^)^ 



ca 20^0^ 
{cab)' c^ — a'^ 

and other component are 0. The Ricci flow equation for (14. ip is equivalent 
to the following: 

d c^-a" 

-ri = ; , 

dt 26c 

±b = (4.5) 

dt 2ac ' 

d — (? 

'dt^ ~ 2ab 
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Since ^('^c) = 0, it is easy to check that 

(bcay {c' + ar 
K22 = —0- 



ca 2a^c^ 



(c^ + a2)2 



2a2c2 ' 

-2, 



fc2 - a2)2 (c2 + a2)2 



2a2c2 2a2c2 
and this metric is not a Ricci-flat metric. 

Remark 4.3. The metric (14. 3 p with (14. 5 p is a Ricci sohton if and only if 
a = — c, in other words, a, b and c are constants. Furthermore, this Ricci 
sohton is the product metric on R x E{1, 1) and a non-gradient expanding 
Ricci sohton. We can check in the foUowing way. First, because £"(1, 1) ~ M^, 
we can use standard coordinates {xi,X2,Xs) on M^. Secondly, since left- 
invariant vector fields is given by 

d d d d d 



OTa axi aa;2 ox^ 0x1 

then we can write the Ricci soliton equation using standard coordinates 
(xi, a;2, Xs) on R'^, and we will obtain conditions of the Ricci soliton, for 
example, 

Oit ^ ^ axs ^ a ^ 4 
X = — Fn + e"^ — -F^ H — F-) a = — 
2 4 4 62- 

Lastly, we check that VjXj is not symmetric. Therefore this Ricci soliton is 
a non-gradient expanding Ricci soliton. 

Next, we consider a cohomogeneity one metric 

g = dt^ + a{tf{e^f - b{tf{e^f - c{tf{ey. (4.7) 
This metric has signature (2,2). Put Fq = ^. Then {F.i} is the orthogonal 
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frame. The Ricci tensor is given by 

a b c 

Rqo = 7 5 

a c 

(abc)' — 
{bcay (c2 - a2)2 



R22 = b- + 

R33 = + 



ca 2o?c^ 
cab)' — 



ab 2aW ■ 
These formulas imply the following theorem: 

Theorem 4.4. Let a, b and c satisfy the Ricci flow equations; 



d c^ — 



-rO' = ; , 

dt 2bc 

±b = (4.9) 
dt 2ca ' 

d a^ — (? 
—c 



dt 2ab 

Then the metric 1 14- 7] ) becomes a Ricci-flat metric. 
Proof. 

_ {a^ -^){2a^ + ac + c^) 
dt'^ ah^c^ ' 

_(c^_-a^ (4.10) 
dt^ 2aV ' 

(P_ _ (a^-c^)(a^ + ac + 2c^) 

dt^^~ 2a%^c 
and ac is a constant. Using this fact, we obtain the statement. □ 

Sectional curvatures of the metric (14. 7p satisfying (14. 2 p are computed as 

(c2 - a2)(2a2 + ac + c^) (1 - p^){2p^ + P + 1) 



Kqi = K23 
Kq2 = 
Ko3 = K12 



2a%^c^ 2p%^ 
(c2 _ a2)2 (1 _ p^f 



2aWc^ 2pW ' 

(c2 - a2)(a2 + ac + 2^) (1 - p'){p' + p + 2) 



2aWc^ 2pW 
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where p := a/c. Notice that if ^ c^, then signatures of sectional curvatures 
Kij are decided. From Proposition f l4.ip . we get the following proposition. 

Proposition 4.5. Let a, b and c satisfy the Ricci flow equations l\4-^)- 



1. If = , then the metric ( |^. 7p becomes a zero curvature metric. 

2. If 7^ , then the metric ([73 ^'^ ^ Ricci- flat metric, but Kij are not 
constant. 

Assume that a^CQ and bo are positive. 

1. The Ricci flow exists on (— T, oo), where T depends on the initial data. 

2. If t ^ +00, then all sectional curvatures Kij — )■ 0. 

3. Ift-^ -T, then Kij ±oo. 

Assume that aoCo is positive, and bo is negative. 

1. The Ricci flow exists on (— oo,T), where T depends on initial data. 

2. If t ^ —T, then sectional curvature Kij — > 0. 

3. If t ^ oo, then Kij — )■ ±oo. 

Assume that aoCo is negative, and bo is positive. Then the behavior of a, b 
and c is the backward Ricci flow of E{2) (see fl5.jp ). 

Assume that a^Co and bo are negative. Then the behavior of a, b and c is 
the Rzcczflow of E{2) (see f f5J|) ). 

5 The group of rigid motions of the Euchdean 
2-space 

In this section, we consider the group E{2) of rigid motions of the Euclidean 
2-space. Let be the Milnor frame of £'(2), satisfying 

[F2,F3] = -Fi , [F3,Fi] = , [Fi,F2] = -F3, 

and {6'i} dual coframe of {Fi}. Then a left-invariant metric is expressed as 

g = a{e^f + b{e^f + c{e^f. 
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Therefore the Ricci flow equation is equivalent to 



r d 

dt 

dt 
d 

—c ■■ 
L dt 



2hc ' 
(c - af 



(5.1) 



2ah 



Since -E(l, 1) and -^(2) are solvable, so the Ricci flow equations (15. ip resemble 
as the Ricci flow equations fl4.2p . The behavior of the solution of (15.1 p is 
known in |KM01l[UK04] . 

Lemma 5.1 ( |KM01[rCK04j ). The Ricci flow on E{2) has the following prop- 
erties. 

1. The solution of the the Ricci flow equation (15. ip exists on (— T, oo), 
where T > is depending only on initial data. 

2. The quantities ac and b{c + a) are preserved. 

3. Put k := a/c. Then we get 



dt 
dt 



2k 
1-P 



Jf.. If t oo, then — )■ 1 and b — J-^ boo. 
5. The coefficient b satisfies 



In 



\fk 



where L 



L i+fc() 

Oq 



We use above proposition later to describe the asymtptotic property of 
the resulting Ricci-flat metric on the space-time. 

Remark 5.2. Since E{2) is dynamically stable, the Ricci flow on E[2) con- 



verges to an Einstein metric. The details are written in |IJ92llSes06[ISSS08 
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Next, we consider a cohomogeneity one metric with respect to E{2). Let 
{Fi}^^-^ and {6i} be as before. Then the metric is expressed as 



3\2 



g = dt' + a{t)\e^Y + h{t)\ey + c{t)\e') 

The Ricci tensor of this metric is given by 

h c 



(5.2) 



Rqo 
Rii 

R22 



a 
a 



—a 



R: 



33 



{abc)' 


+ 


4 4 
a — c 


be 


262c2 ' 


ipca)' 




(a2 - c2)2 


ca 




2a2c2 


(cab)' 


+ 




ab 


2a262 ' 



and other components are 0. Using the solution of (15. ip . we construct a 
Ricci-flat metric on the space-time in the following way: 

Theorem 5.3. If a, b and c satisfy the Ricci flow equations 



( d 

dt 

dt 
d 

{dt 



2bc ' 
(g - c)^ 

„2ac „ 



2ab 



(5.4) 



then this metric (15.^ becomes a Ricci-flat metric. 

Proof. This is proved by routine calculations. 

Sectional curvatures of this metric are 
{c^ -a^){2a^ -ac + c^) 



□ 



K02 

Ko3 



K23 
K12 



(c^ — a 



2^2 n 



k 



2\2 



2a262c2 



262 A;2 



(c^ - a2)(a2 - ca + 2c^ 



1 - F)(2P -k+1) 
262^ ' 



-k + 2) 



2aWc^ 262A;2 

where k := a/c. We can observe similarities between the Ricci flow solutions 
on the space-times of the left-invariant Ricci flow solutions of -^(1, 1) and 
E{2). For instance, we get the following proposition. 



18 



Proposition 5.4. 1. If = , then this metric is a flat curvature met- 
ric. 

2. If 7^ , then this metric is a Ricci-flat metric but not a constant 

curvature metric. 
Let ooCo and Bq be positive. 

1. The Ricci flow equation exists on (— T, oo), where T depends on initial 
data. 

2. Ift^ +00, then Kij -> 0. 

Let aoCQ be positive, and bo be negative. 

1. The Ricci flow equation exists on (— oo,T), where T depends on initial 
data. 

2. If t ^ —T, then sectional curvatures K^j — )■ 0. 

3. If t ^ oo, then Kij — )■ ±oo. 

Let aoCo be negative, and Bq be positive. Then behavior of a, b and c is the 
backward Ricci flow of E {1,1) (see {4.2)). Let a^co andbo be negative. Then 
behavior of a, b and c is the Ricci flow of E{1,1) (see i \4-2^ )■ 

Next, we define almost complex structures. Using E{2) ^ M'^, we can 
write 

. d d 

Fi = smy— + cosy—, 
ox oz 

dy 

^ d d 

F3 = cosy- smy—, 

ox oz 



and 



9^ = siny ■ dx + cos y ■ dz, 
0^ = dy, 

6^ = cos y ■ dx — siny ■ dz. 
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Then the metric on E{2) with a — b — c — lis 

Let {cjll^Q be an orthonormal coframc defined by 

Then {e'}|^Q becomes an orthonormal coframe of cohomogeneity one metric 
g. Let {cj} be the orthonormal frame, satisfying e*(ej) = 5*. Since ~ 
has natural almost complex structures {Ji}, we analogously define almost 
complex structures Ji and J2, satisfying 

-^160 = 62, ^163 = 61, (Ji)^ = -id, 
J2eo = cosy • ei - siny • 63, 
7262 = sin y • ei + cos y • 63, 
(J2)' = -id. 

If we put J3 := J2J1 — —J1J2, then J3 becomes an almost complex structure. 
From direct computation we have Nj^{Fj,Fk) = for all i,j,k = 0,1,2,3 
where Nj^ is the Nijenhuis tensor of Jj. Therefore Jj's are all integrable. We 
consider a triple of 2-forms (cj^, cj^, w^), defined by 

uj%X,Y) ■.^g{J,X,Y) 

for i = 1, 2, 3. Then 2-forms Ui are given by 

a;^ = e° A + A e\ 

up' = cosy • (e° A + A e^) - siny • (e° A + A e^), 
uj^ = siny ■ (e° A + A e^) + cosy ■ (e° A + A e^). 

The above triple of 2-forms {uj^ ,uj'^ ,uj'^) satisfies the following relations: 

{uj'f ^ 0, uj' Auj^ ^0(i^j). 

Since de° = d(dt) = 0, de^ = ddi A + a^^ /\ ^ ^ q2^ ^^3 ^ 

cdt A 0^ + c0^ A e"^ , we get 

dw^ = (ca + ca)dt A 6^ A 6^, 

du^ = -{db + ab + a - c) siny ■ dt A 9'^ A 9"^ + {be + be + c - a) cosy • dt A 9"^ A 9^, 
duj^ = -{db + ab + a - c) cosy ■ dt A 9^ A 9"^ + {be + be + e - a) siny ■ dt A9^ A 9^. 
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Theorem 5.5. The cohomog entity one metric g expressed as i\5.2^ . where 
the triple {a(t), b(t), c(t)} satisfies the Ricciflow equation on E{2), is a hyper- 
Kdhler metric. Conversely the cohomogeneity one metric g as in (\5.^ sat- 
isfies du^ = for any i = 1,2, 3, then the triple {a{t), b{t), c{t)} satisfies the 
Ricci flow equations on E{2) . 

Proof. It is straitforward to check that du'^ = if and only if the following 
hold: 

ca + cd = 0, (5.11a) 
db + ab = c — a, (5.11b) 
be + be = a — c. (5.11c) 

fl5.11al) implies that ca is constant. Solveing the equations for {d,b,c), we 
obtain the statement of the theorem. □ 

Therefore the cohomogeneity one metric (15. 4p becomes a hyper-Kahler 
metric. 

Remark 5.6. In this section, we obtain the cohomogeneity one metric with 
respect to E{2) with the hyper-Kahler structure {Ji}. From the definition 
of {Ji}, the hyper-Kahler structure is non-trivial. The cohomogeneity one 
metric with respect to E{2) with the trivial hyper-Kahler structure (i.e. 
JjCo = Ci, JiCj = Ck, where {i,j,k) are cyclic permutation of {1,2,3},) is 
also a hyper-Kahler structure, however the triple of functions {a{t), b{t), c{t)} 
does not satisfy the Ricci flow equation. So we do not consider it deeply. 

6 S'L(2,M) 

In this section, we consider S'L(2,M). Let {M'^,g) be a cohomogeneity one 
with respect to SL{2,R). Let {Fi}'f^^ be the Milnor frame of SL{2,R), 
satisfying 

[-^1,-^2] = —-^3, [-^2,-^3] = -^1, [-^3,-^1] = F2, 
and {9i} the dual coframe of {Fi}. The metric is expressed as 

g = dt^ + a{tf{e^f + b{tf{e^f + c{tf{e^f. (e.i) 
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The Ricci tensor of this metric is given by 
Ru 

R22 = -b 
R33 = -c 



a 
a 

—a 



b c 
b c 



be 


262c2 




ibca)' 


(a2 + c2)2 - 


6^ 


ca 


2a2c2 




(cab)' 


(a2 - 62)2 _ 





ab 2a?b'^ ' 

and other component are 0. 

Proposition 6.1. If a, 6 and c satisfy the Ricci flow equations of SL{2, . 

(6 + c)2 - a2 



r d 

—a 
dt 

dt 
d 

—c - 
K dt 



(c + ay - 62 

(g-iy-c^ 

2a6 



(6.3) 



then this metric (\ 6. il) satisfying (\ 6. 31) is not a Ricci-flat metric. 
Proof. The proof is a straightforward calculation. 
Next, we consider the metric of the form 

g = dt^- a{t)\e'y - b{tf{e^f + c(t)2(^3)2_ 

This metric (16. 4p has signature (2,2). 

The Ricci tensor of this metric is computed as 



□ 



(6.4) 



Roo 
Ru 
R22 
R33 



6 
6 



c 
c 



(dbc)- (62 - c2)2 

a— h 

6c 

(6ca) 



262c2 



+ 
ca 

{cab)' 
ab 



(a2 - c2)2 _ 6^ 



2a2c2 



l2\2 



2a262 
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and other components are 0. The Ricci flow equations of SL{2,M.) are given 
by 

_d _ {b + cf - a" 
dt^ ~ 2bc 

lb = (' + ^)"-^\ (6.6) 
dt 2ca 

d ^_ {a-bf -c^ 



dt 2ab 

In this case, changing a into —a and b into —b, therefore the Ricci flow 
equations of SL{2,M.) change into 



d ib — cf — a 
-a — 



2 



dt 2bc 
d_^^ ic-^?-b\ (6.7) 
dt 2ca ' 

d_ _ (g - bf - 

dt 2ab 

This system of equations is nothing but the Ricci flow equations of left- 
invariant metrics on SU(2). 

Theorem 6.2. // a, b and c satisfy the Ricci flow equations of SU{2), 
then the metric [6^] satisfying [6/1) becomes a Ricci- flat metric of signa- 
ture (2,2). 

Proof. The proof method of this theorem is similar to Theorem 11.31 The 
proof is straightforward. □ 
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